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1. I NTRODUCTION
In [2], Elliot H. Lieb studies the problem of minimizing the functional
Z
Z Z
|φ(x)|2 |φ(y)|2
2
dxdy,
(1.1)
E(φ) = |∇φ| dx −
|x − y|
over functions in H 1 (R3 ) with fixed L2 norm. The problem is completely solved in the
paper, showing existence and uniqueness of a minimizer (up to phase and translations).
Moreover, it is also shown that if φ is a minimizer then φ must be symmetric decreasing
with respect to some point x ∈ R3 .
Here we study the same problem working with the space H01 (BR ). We will get existence
and uniqueness of the minimizer (this time only up to phase).
2. N OTATIONS AND K NOWN FACTS
The following are basic notations and definitions that we will use throughout this survey.
R
• T (φ) = |∇φ|2 dx.
RR
• W (φ) =
|φ(x)|2 |φ(y)|2 |x − y|−1 dxdy.
• E(λ) = inf{ E(φ) | φ ∈ H 1 (R3 ), ||φ||2 ≤ λ}.
• E(λ, R) = inf{ E(φ) | φ ∈ H01 (BR ), ||φ||2 ≤ λ}.
We will also make use of the machinery of symmetric decreasing rearrangements of
functions. If f is a measurable non-negative function on R3 we will denote its symmetric
decreasing rearrangement by f ∗ . If f is measurable from R3 to C we define the symmetric
decreasing rearrangement of f to be f ∗ = |f |∗ .
We will need the following properties of symmetric decreasing rearrangements.
Proposition 2.1. Let f be a measurable function and let f ∗ be its symmetric decreasing
rearrangement. Then:
• ∀ 1 ≤ p ≤ ∞ we have ||f ||p = ||f ∗ ||p .
• For any three measurable functions f , g and h we have
Z Z
Z Z
(2.1)
f (x)g(x − y)h(y)dxdy ≤
f ∗ (x)g ∗ (x − y)h∗ (y)dxdy.
• If additionally g is a symmetric strictly decreasing non-negative function, then the
previous inequality is strict (provided the right-hand side is finite), unless f and g
are equicentered symmetric decreasing functions.
• If φ ∈ H 1 (R3 ) then φ∗ ∈ H 1 (R3 ) and T (φ) ≥ T (φ∗ ).
(2.1) is called Riesz Inequality.
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3. E XISTENCE AND OTHER P RELIMINAR R ESULTS
Following the approach of [2], it is easy to show that E is well defined on H01 (BR )
for every R > 0 and that E(λ, R) is always finite. Indeed functions in H01 (BR ) can be
considered as a subset of H 1 (R3 ), by extending them to be zero outside of BR , and thus
the estimates for E developed in [2] still hold in our case.
It is pretty easy to show E(λ) is always negative (the Gaussian, renormalized to have
L2 norm equal to λ, always works in R3 ). On the other hand, we claim that if λ2 R is
sufficiently small, then E(λ, R) ≥ 0.
Indeed, first of all we can use the Sobolev embedding theorem in R3 to have that, for any
φ ∈ H01 (BR ),
T (φ) = T (φ̃) ≥ K||φ̃||26 = K||φ||26 .

(3.1)

Where we have denoted by φ̃ the extension of φ to the whole R3 .
Next we estimate W . The function |x|−1 can be written as
|x|−1 = hr1 (x) + hr2 (x),
where hr1 (x) = |x|−1 χBr (x) and thus hr1 ∈ L3/2 and hr2 ∈ L∞ . This implies that
Z Z
W (φ) =
|φ(x)|2 |φ(y)|2 (hr1 (x − y) + hr2 (x − y)) ≤
BR

≤

BR
r
||h1 ||3/2 ||φ||22 ||φ||26

+ ||hr2 ||∞ ||φ||42 χ[0,2R] (r).

This implies that, working under the assumption that ||φ||2 = λ, we have
E(φ) ≥ K||φ||26 − ||hr1 ||3/2 ||φ||22 ||φ||26 − ||hr2 ||∞ ||φ||42 χ[0,2R] (r) ≥
||φ||26 (K − Crλ2 ) − (1/r)λ4 χ[0,2R] (r).
Usually, on R3 , to show boundedness of E, one takes r small enough so that the first term
is positive and can be thrown away (otherwise one has no direct control for it), paying this
choice with an increase in the absolute value of the second term. On BR though, one has
to pay on the second term only if r ≤ 2R, this implies that, if λ2 R is small enough, then r
can be bigger then 2R and one gets away without paying (and with the claim).
This fact is actually pretty relevant since it changes the "structure" of the problem. To
be more precise, it’s easy to see that as long as E(φ) is negative, then increasing the norm
of φ lowers E. This, together with the fact that E(λ) is negative for any λ on R3 , allows
us to study the problem over functions with L2 -norm smaller or equal to λ since then the
minimizers will always have norm as big as possible (namely λ). On the other hand, if λ2 R
is too small then E(λ, R) is going to be zero and φ ≡ 0 is going to be a minimizer.
We highlight that, so far, is only clear that, once λ is fixed, for R sufficiently small then
E is always positive. This tells us nothing on the behaviour for big R, in particular we are
not even assured that E is ever negative. Next Lemma assures us that for every λ there
exists R such that E(λ, R) < 0.
Lemma 3.1. For every λ > 0, ∃ R(λ) such that E(λ, R(λ)) is strictly negative (of course
this will imply that E(λ, R) < 0 for every R ≥ R(λ) since, by definition, E(λ, R) is
decreasing in R, being the infimum over nested sets).
Proof. We fix λ > 0 for the whole proof. We are trying to minimize E over functions
in H01 (BR ) with fixed L2 -norm λ. The following is a simple but key observation: we
claim that studying the problem on H01 (BR ) is the same as to try to minimize R−2 ER
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over functions in H01 (B1 ) with L2 -norm equal to λ. Here ER (·) = T (·) − RW (·). This
follows easily by taking any function φ in H01 (B1 ) and considering φ̄(x) = R−3/2 φ(R−1 x).
This transformation is a bijection between H01 (B1 ) and H01 (BR ) and leaves the L2 -norm
unchanged, moreover, we have:
E(φ̄) = R−2 ER (φ).
This proves the claim. Now we observe that ER (φ) → −∞, as R → ∞, for any φ in
H01 (B1 ) s.t. W (φ) 6= 0 and thus, for R big enough, the infimum over functions in H01 (B1 )
with L2 -norm equal to λ of ER (we define this quantity as ER (λ, 1)) must be negative. This
completes the proof since the sign of E(λ, R) is the same of the sign of ER (λ, 1).

To summarize we have shown that for each λ we have that E(λ, R) is zero for a while
and then starts decreasing. This definition of E(λ, R), though, is not satisfactory for small
R, since the problem becomes trivial. Thus, from now on, we will define E(λ, R) as before only for R ≥ R(λ), whereas, when the usual E(λ, R) = 0, we will define it to be the
infimum of E over functions in H01 (BR ) with L2 -norm exactly equal to λ.
Having understood this behaviour, we will now prove the following usefull Lemma.
Lemma 3.2. Fix λ and R. Then T (φ) is uniformly bounded if E(φ) is close to E(λ, R).
Proof. We know, by the previous calculations, splitting T (φ) in 2 parts and omitting χ[0,2R] (r),
that:
E(φ) ≥ T (φ)/2 + ||φ||26 (K/2 − Crλ2 ) − (1/r)λ4 .
This implies, after the appropriate choice r =

K
:
2Cλ2

E(φ) ≥ T (φ)/2 − (2C/K)λ6 .
This basically complete the proof, recalling that E(φ) is close to E(λ, R) and thus bounded.

Now we use the nice properties of symmetric decreasing rearrangements. We observe
that, by 2.1, we immediately get that, if f is any function in H01 (BR ), then E(f ) ≥ E(f ∗ )
and, moreover, the symmetric decreasing rearrangement leaves the L2 -norm unchanged.
This implies that rearranging always gets us closer to finding a minimizer, or at least does
no harm (this will imply that we will be able to take the minimizing sequence realizing
E(λ, R) to be composed of symmetric decreasing functions - even when λ2 R is small). To
get this we have not used the strict Riesz Inequality, which implies the following stronger
result.
Lemma 3.3. If φ ∈ H01 (BR ), ||φ||2 = λ and E(φ) = E(λ, R) (i.e. φ is a minimizer), then
|φ| is symmetric decreasing with respect to some x ∈ BR .
All these things are pretty straightforward to show (the reader can find more details in
[2], we highlight that everything works exactly the same on H01 (BR ) and H 1 (R3 )). We also
highlight that the last result can (and will) be improved, indeed we expect the symmetry
point x to be 0 and the minimizing function to be strictly positive in H01 (BR ) (if x 6= 0 then
the function has to be zero on a portion of BR ).
Also the existence of a minimizer can actually be obtained exactly in the same way in
H01 (BR ) and in H 1 (R3 ).
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Proposition 3.4 (Existence of minimizers). For every λ, R there exists a function φ such
that φ ∈ H01 (BR ), ||φ||2 = λ, φ is symmetric decresing with respect to 0 and such that
E(φ) = E(λ, R).
Proof. We will only sketch the proof for completeness, for more details we refer to [2] since
the arguments used are exactly the same. As stated above, we have the freedom of choosing
a minimizing sequence to be symmetric decreasing with respect to 0. By Lemma 3.2 we
also know that the H01 (BR )-norm of the sequence is uniformly bounded and thus the sequence is weakly convergent, up to subsequences, to some φ ∈ H01 (BR ). This also implies
L2 -weak convergence and thus, by lower semicontinuity, we get lim inf T (φj ) ≥ T (φ)
and ||φ||2 ≤ λ (we highlight that the first inequality is telling us that the limit function φ
behaves well with respect to T , whereas the second is telling us that it behaves well with
respect to the L2 -norm - at least when λ2 R is not too small - and thus we only need to show
that φ also behaves well with respect to W to get that it is a minimizer).
We highlight that in the following, by abuse of notation, we will write h(r) instead of
h(|x|) for any spherical function h. To continue the proof, we use the fact that the sequence is composed of spherically symmetric and decreasing functions, which are also
uniformly bounded in L2 and L6 norms (the latter is due to Lemma 3.2 and Sobolev embedding theorem), to retrieve that φj (r) ≤ f (r), for some spherical decreasing function f
with good properties (order |x|−1/2 near zero). Through this bound we recover pointwise
convergence (here, again, the fact that the functions are all spherically decreasing is of key
importance) to some function that can easily be shown to be again φ. This finally implies
the convergence of W (φj ) to W (φ) (by dominated convergence with the domitation given
by f ), showing that φ must be a minimizer. Finally we highlight that ||φ||2 = λ (again for
dominated convergence) and thus we have also shown the existence for a minimizer in the
case when λ2 R is small.

We conclude this section, which basically just consists of known results adapted to the
case of H01 (BR ). We highlight that, so far, the situation in H01 (BR ) and H 1 (R3 ) appears
to be basically the same. In the next section we will show uniqueness, together with some
other small results, in what is the most novel and interesting part of this work: indeed, the
first relevant differences between the two cases wil arise.
4. U NIQUENESS
We begin with some preliminary results/observations.
Proposition 4.1 (Variational Characterization). If φ ∈ H01 (BR ), ||φ||2 = λ and E(φ) = E(λ, R)
then φ satisfies the following (distributional) equation on BR (i.e. integrated against any
function in C0∞ (BR )):
(−∆ + Vφ )φ = eφ.

(4.1)

Here Vφ (x) = −2 |φ(y)|2 |x − y|−1 dy and e is some Lagrange multiplier. Moreover, if
φ ∈ H01 (BR ), not necessarily minimizing, satisfies (4.1) in the distributional sense on BR ,
then φ is C ∞ (BR ) and thus a solution of (4.1) in the strong sense.
R

Proof. The first part is standard. We just take g ∈ C0∞ (BR ) and consider E(φ + εg) and
compute the derivative at ε = 0. We observe that e < 0 if E(φ) < 0. Indeed, multiplying
by φ and integrating we get:
e = λ−2 (E(φ) − W (φ)).
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Thus we immediately have that if E(φ) < 0 also e < 0. For the second part we will just
sketch the bootstrap argument used to derive regularity. First we observe that Vφ is in Lp
for any 4 ≤ p ≤ ∞ and, since it is a convolution between φ and |x|−1 , Vφ will also share
any smoothness that φ has. This implies that φVφ will be as regular as φ (the summability
will come from the fact that Vφ is in L∞ and the smoothness from the fact that φ and Vφ
share the same smoothness). Thus, if we suppose any regularity for φ we then have that ∆φ
is just as regular. If we now make use of elliptic regularity theory, the bootstrap argument
is complete.

We can also get some interesting and very important (as most of the following results
we rely heavily on some kind of scaling argument) "scaling" properties of the problem.
Proposition 4.2. Minimizing E on H01 (BR ) under the constraint || · ||2 = λ is the same as:
• minimizing R−2 ER on H01 (B1 ) under the constraint || · ||2 = λ,
√
• minimizing R−3 E on H01 (B1 ) under the constraint || · ||2 = Rλ.
Proof. Actually we already proved the first part in the proof of Lem 3.1. For the second
part the idea is the same, we take any function φ ∈ H01 (BR ) and we transform it into
φ̄(x) := R2 φ(Rx) ∈ H01 (B1 ). This√transformation is a bijection and transforms the L2 norm by multypling it with a factor R, moreover E(φ̄) = R3 E(φ) and this completes the
proof.

The following is a very important result, since the main difference between the H01 (BR )
and H 1 (R3 ) cases will be implied, i.e. uniqueness only up to phase and not up to translations.
Proposition 4.3. If φ ∈ H01 (BR ), ||φ||2 = λ and E(φ) = E(λ, R) (i.e. φ is a minimizer),
then |φ| is symmetric decreasing with respect to 0 and is strictly positive on BR .
Proof. We already know by Lemma 3.3 that φ must be symmetric with respect to some
y ∈ BR . We suppose by contradiction that y 6= 0 then, since the problem is invariant
for translation, ψ(x) := φ(x − y) is symmetric decreasing with respect to 0 and is still a
minimizer, moreover supp(ψ) ⊂ BR−|y| . We want to show that this is a contradiction. We
have to distinguish between the two cases e ≥ 0 and e < 0.
If e ≥ 0 we consider a function g ∈ C0∞ (BR ) such that g ≡ 1 on BR−|y| . Then, by (4.1),
we have
h(−∆ + Vψ )ψ, gi = heψ, gi
⇒

XX
XX + hVψ ψ, gi
∆gi
hψ,


= heψ, gi.

Here the first term vanishes because g is constant on supp(ψ). This is a contradiction since
ψ ≥ 0 and g ≡ 1 on supp(ψ) whereas Vψ ≤ 0. This implies that the term on the left is
strictly negative, whereas the term on the right is nonnegative (using e ≥ 0).
If e < 0 we observe that since supp(ψ) ⊂⊂ BR then (4.1) is satisfied not only against
any function in C0∞ (BR ) but also for any function in C0∞ (R3 ), i.e. ψ satisfies (4.1) in R3 .
Moreover, since e < 0, then we can invert (−∆ − e), getting
ψ = Ye ∗ (ψVψ ),
Where Ye (x) = (4π|x|)−1 exp(−|e|1/2 |x|). This implies that ψ > 0 on R3 which is of
course a contradiction since supp(ψ) ⊂⊂ BR
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Before actually showing uniqueness, we still need some preparation. We define
Z
I(φ) = |φ|2 /|x|dx.
For any function φ ∈ H01 (BR ), I(φ) is finite, since φ ∈ L2 ∩ L6 . Moreover we can
always scale φ with the rescaling φ̄(x) = (λ1 /λ)4 φ((λ1 /λ)2 x) (similar to the rescaling
in 4.2). φ̄ will have L2 -norm equal to λ1 , will be supported on BR(λ/λ1 )2 and will be
such that I(φ̄) = (λ1 /λ)4 I(φ). We highlight that, if λ1 > λ, then we are concentranting
the function and making it more peaked, whereas if λ1 < λ then we are flattening the
function and making it more distributed. Moreover, if φ satisfies (4.1) with some e = e(φ),
then it can be shown with some calculations that φ̄ will satisfy (4.1) on BR(λ/λ1 )2 with
e(φ̄) = (λ1 /λ)4 e(φ).
Now we write Vφ in a more clever way (using the approach in [2] which applies Newton’s
theorem):
Z |x|
K(|x|, s)|φ(s)|2 ds − 2I(φ) := Uφ (x) − 2I(φ).
Vφ (x) =
0

Here K(|x|, s) = 8πs2 (s−1 − |x|−1 ) ≥ 0. Thus (4.1) can be written as:
(4.2)

(−∆ + Uφ )φ = [e(φ) + 2I(φ)]φ.

We define ν(φ) := [e(φ) + 2I(φ)]. Of course we can do the same for φ̄, getting the
same equation with ν(φ̄) = (λ1 /λ)4 ν(φ). We also highlight that by multypling by φ and
integrating we get that ν(φ) is always positive, since Uφ (x) ≥ 0.
Finally we observe that if φ is radial decreasing with respect to the origin then so is φ̄ and
moreover (4.2) can be written in the form:


d2
2 d
(4.3)
− 2−
+ Uφ (r) φ(r) = ν(φ)φ(r), r ≥ 0.
dr
r dr
We are now ready to show our main result.
Theorem 4.4 (Uniqueness up to phase). For any λ, R there exists a unique positive function
φ minimizing E(·) over functions in H01 (BR ) with fixed L2 -norm equal to λ.
Proof. As we have already shown, any positive minimizer must be symmetric decreasing
with respect to the origin. The proof will be split in two parts. In the first part we will show
that, fixed λ and R, any minimizer has to solve the equation in the form (4.3) with the same
eigenvalue. In the second part we will then show uniqueness of solutions for that equation
(once the eigenvalue is fixed).
(1) We suppose by contradiction that there exist φ1 and φ2 , both minimizers of the problem
with parameters λ and R, such that ν(φ1 ) 6= ν(φ2 ). Without loss of generality we assume
ν(φ1 ) > ν(φ2 ). We then rescale φ2 to increase its eigenvalue and make it equal to ν(φ1 ).
By previous observations, we then need to consider a rescaling φ¯2 of φ2 with increased
L2 -norm, supported on a smaller ball (of radius R∗ < R) and more peaked. Now, both φ¯2
and φ1 satisfy the equation:
2
(4.4)
−v 00 (r) − v 0 (r) + Uv (r)v(r) = ν(φ1 )v(r), r ∈ [0, R∗ ].
r
We want to show that this is a contradiction and we will do this mainly following the
approach in [1]. By standard fixed point arguments, we deduce that equation (4.4) has a
unique local C 2 solution for given initial data v(0), v 0 (0) and the solution exists up to some
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maximal radius R̄ ≥ R∗ . We first observe that since both functions are radially decreasing
0
(and smooth) then we will have that φ01 (0) = φ¯2 (0) = 0. If now φ1 (0) = φ¯2 (0) then we
get a contradiction since φ¯2 (r) → 0 as r → R∗ , whereas φ1 (r) > 0 for all r < R, by
Proposition 4.3. Now we claim that the two functions can not intersect even in [0, R∗ ).
Suppose φ¯2 (0) > φ1 (0) then by elementary calculations and using the equation we get the
following "Wronskian-type" identity:
Z r
0
2
0
s2 φ1 (s)φ¯2 (s)(Uφ¯2 (s) − Uφ1 (s))ds.
(4.5)
r [φ1 (r)φ¯2 (r) − φ1 (r)φ¯2 (r)] =
0

By continuity φ¯2 (r) > φ1 (r) at least for small r. If we suppose that the two functions
first intersect in r̂ then we have a contradiction evaluating (4.5) at r̂ since the left-hand
side must be negative, whereas the right-hand side must be strictly positive at r̂ (since
Uφ¯2 (r) − Uφ1 (r) > 0 for any r ∈ (0, r̂)). If instead φ¯2 (0) < φ1 (0) we will get a similar contradiction with reversed signs. Thus the claim is proved. Now we have that either
φ1 > φ¯2 or φ1 < φ¯2 in (0, R∗ ), but in both cases we get a contradiction. Indeed, the first
case is not possible since ||φ1 ||L2 (BR∗ ) < ||φ1 ||L2 (BR ) < ||φ¯2 ||L2 (BR∗ ) , whereas the second
case is not possible since, as said before, φ¯2 (r) → 0 as r → R∗ , whereas φ1 (r) > 0 for all
r < R. This proves (1).
(2) Now (1) is proved and thus φ1 and φ2 both satisfy the equation
2
(4.6)
−v 00 (r) − v 0 (r) + Uv (r)v(r) = νv(r), r ∈ [0, R).
r
We can suppose, without loss of generality that ν = 1 (if not we just rescale the functions).
By using the same arguments as in part (1) we easily get that one of the two functions is
strictly bigger than the other in [0, R), which is a contradiction since they have the same
L2 -norm. The proof of the theorem is complete.

5. C ONVERGENCE R ESULTS
So far we have shown that, for any λ and any R, there exists a unique positive minimizer
of E over functions in H01 (BR ) with L2 -norm equal to λ. We fix λ and we consider φR to
be the sequence of said minimizers. Each one of these minimizer satisfies the equation:
(−∆ + UφR )φR = ν(R)φR ,
on H01 (BR ). On the other hand, as shown in [2], there exists a unique positive Φ, symmetric
decreasing with respect to the origin, which minimizes E over functions in H 1 (R3 ) with
L2 -norm equal to λ. This Φ satisfies the equation:
(−∆ + UΦ )Φ = Vφ.
In this section we will show that ν(R) → V, φR → Φ (both in L2 (R3 ) and H 1 (R3 ) norms,
as well as pointwise) and finally we will also get that E(λ, R) → E(λ).
We begin with a preliminary result.
Lemma 5.1. The sequence ν(R) is strictly decreasing and ν(R) ≥ V for any R.
Proof. Let R1 < R2 < ∞ and let φ1 , φ2 be the minimizers on H01 (BR1 ) and H01 (BR2 ). First
of all we observe that ν1 := ν(R1 ) 6= ν2 := ν(R2 ) because this would lead to a contradiction using the same arguments used in the previous section, the fact that ||φ1 || = ||φ2 || = λ
and the fact that supp(φ1 ) = BR1 ⊂ supp(φ2 ) = BR2 . If, by contradiction with the thesis, we have ν2 > ν1 we then consider φ¯2 , obtained from φ2 by rescaling and such that
ν(φ¯2 ) = ν1 . Since, as highlighted before, ν is always positive and since we know how ν
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scales when rescaling functions, we also have that φ¯2 is obtained by flattening φ2 and making its support bigger. This latter fact implies a contradiction because, using the usual arguments, we know that either φ¯2 = φ1 or one of the two functions is strictly bigger than the
other and none of these options make sense since supp(φ1 ) = BR1 ⊂ supp(φ2 ) ⊂ supp(φ¯2 )
and ||φ¯2 ||2 < λ = ||φ1 ||2 . This implies that we necessarily have ν1 > ν2 as required. It
is worth mentioning that in this case, with a similar argument as above, we do not reach a
contradiction since this time we would need to concentrate φ2 increasing its L2 -norm and
what can happen (and must happen) is that doing so φ¯2 > φ1 . Finally we observe that we
can apply exactly the same proof if R2 = ∞, thus getting that ν(R) ≥ V.

We are now ready to show the convergence of φR .
Theorem 5.2. The sequence φR converges to Φ in L2 (R3 ) and H 1 (R3 ) and we also have
pointwise convergence.
Proof. First of all we observe that the {φR } is bounded H 1 (R3 )-norm since ||φR || = λ
and, by Lemma 3.2, T (φ) ≤ 2(E(λ, R) + 2C/Kλ6 ) ≤ K1 λ6 (at least for R big enough to
have E(λ, R) < 0 and we know that for any λ such R exists by Lemma 3.1). This implies
that, up to taking a subsequence, φR converges weakly in L2 (R3 ) and in H 1 (R3 ) to some
φ∞ (thus ||φ∞ ||2 ≤ λ). Moreover (using the uniform bound on the L2 and L6 norm), we
can find a radial decreasing function f , of order r−3/2 as r → ∞ and of order r−1/2 as
r → 0, such that φR ≤ f for any R. Using the arguments from [2] already cited in the
proof of the existence of minimizers, we can then recover pointwise convergence, still up
to taking subsequences, of φR to φ∞ . In particular this implies that φ∞ is radial decreasing
and nonnegative. We now make use of the previous Proposition 5.1, to have that ν(R)
converges to some ν(∞) ≥ V by monotonicity. This implies, using weak convergence and
dominated convergence (with the domination given by f ) that φ∞ must satisfy, at least in
a weak sense:
(−∆ + Uφ∞ )φ∞ = ν(∞)φ∞ .
If ν(∞) > V then, by the usual argument, we consider a rescaling which satisfies the equation with eigenvalue V. This rescaled function will be obtained by flattening φ∞ and reducing its L2 -norm and, by uniqueness, will then be equal to Φ. This implies ||φ∞ ||2 > λ,
which is a contradiction since we already know that by weak convergence ||φ∞ ||2 ≤ λ.
Then it must be that ν(∞) = V and thus, by uniqueness, φ∞ = Φ. This also implies
||φ∞ ||2 = λ which, together Rwith the weak convergence, implies strong convergence in L2 .
Now we consider I(φR ) = |φR (x)|2 /|x|dx and we observe that, by dominated convergence, I(φR ) → I(φ∞ ). On the other hand, we recall that ν(φ) = e(φ) + 2I(φ) and we
have shown convergence of ν(φR ) and of I(φR ) which together then imply e(φR ) → e(Φ).
To conclude we observe that e(φR ) = λ12 (E(φR )−W (φR )) = λ12 (T (φR )−2W (φR )). Since
we have also W (φR ) → W (Φ) by dominated convergence we can deduce T (φR ) → T (Φ)
which implies ||φR ||H 1 (R3 ) → ||Φ||H 1 (R3 ) , which, together with H 1 (R3 )-weak convergence,
implies H 1 (R3 ) strong convergence and completes the proof. We highlight that we have
shown convergence up to subsequences, but, by the uniqueness of the limit point, this also
implies convergence for the whole sequence.

Corollary 5.3. As a corollary, we can also show E(λ, R) → E(λ)
Proof. We just observe that E(λ, R) = E(φR ) = T (φR ) − W (φR ) and by what has been
shown we have immediately that E(φR ) → E(Φ) = E(λ).
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